Abstract. In this paper we consider stripping primes from the level of degree 2 cuspidal Siegel eigenforms. Specifically, given an eigenform of level N r under certain restrictions, where N is a prime, we construct an eigenform of level N which is congruent in eigenvalues to our original form. To obtain our results, we use constructions of Eisenstein series and Theta functions to adapt ideas from a level stripping result on elliptic modular forms.
Introduction
Throughout we fix a prime ≥ 5, and let N be a positive integer coprime to . Let K be a number field with ν a prime lying over and let
be a Galois representation, where K ν is the completion of K at ν. Let ρ denote the residual representation of ρ obtained by composition with the map GL 2 (O Kν ) → GL 2 (F ν ), where F ν is the residue field of O K at ν. By Serre's conjecture (Theorem 1.2, [15] ) we know precisely the conditions necessary for the semisimplification of ρ to arise from an cuspidal elliptic Hecke eigenform in the sense of Deligne [9] . Furthermore, Serre's refined conjecture (3.2.4 ? , [21] ) tells us the precise character, level, and weight of such an eigenform. Note, the equivalence of Serre's conjecture and Serre's refined conjecture is known by the work of Coleman-Voloch [8] , Gross [12] , Ribet [19] , and others (see [11] ). In the process of proving this equivalence, Ribet presented the following result which we will be interested in extending.
Theorem 1. [20, Theorem 2.1]
Let p ≥ 3 be a prime. Suppose that f is an eigenform of level Γ 1 (N p r ) with r > 0 and (N, p) = 1. Then, there exists an eigenform of level Γ 1 (N ) whose eigenvalues are congruent to the eigenvalues f modulo p away from the level of f , where p lies over p in some number field.
In order to transfer to the setting we will primarily be interested in we let ρ : Gal(Q/Q) → GL 4 (O Kν ) be a Galois representation, where we are keeping the same notation as above. In this setting there is a conjecture of Herzig and Tilouine (Conjecture 0, [13] ) which gives conditions on when ρ should arise from a degree 2 Siegel eigenform, in the sense of Laumon [17] and Weissauer [24] . Given a conjecture of this form it is natural to want some type of refined conjecture to make precise the character, level, and weight of such an eigenform. The desired weight is discussed in detail in [13] . Concerning the level, a natural starting place is a result similar to Theorem 1. This type of result has been extended to degree 2 Siegel modular forms in many situations using constructions of rigid analytic families of finite slope (see [1] , [14] , [23] ). However, the proof of Theorem 1 given by Ribet uses strictly classical methods. It is this approach we adapt to the degree 2 setting.
Preliminaries
In this section we will introduce some basic facts about Siegel modular forms. For more details the interested reader is referred to [3] .
Let h n denote the Siegel upper half space of degree n, and let Sp 2n (Z) denote the set of 2n × 2n symplectic matrices with integral entries. We have an action of Sp 2n (Z) on h n given by,
. Let k be an integer, and F be a holomorphic complex valued function on h n . We define the weight k slash operator by,
where γ is as above and k is an integer greater than n. Note, we will drop the k when the weight is clear.
In general, for a commensurable subgroup Γ ≤ Sp 2n (Z), we say that F is a Siegel modular form of weight k and level Γ if F |γ(Z) = F for every γ ∈ Γ. However, we will be primarily interested in the following subset of such functions. Let M ∈ Z >0 , and let χ be a Dirichlet character modulo M . Define the following two "level M " subgroups,
We say that our F from above is a Siegel modular form of character χ, degree n, level M , and weight k if it satisfies, (F |γ)(Z) = F (Z), for all γ ∈ Γ n 1 (M ), and transforms by χ(det(D)), which we will denote by χ(γ), under the action of Γ n 0 (M ). We denote the space of such functions by M n k (M, χ). From the above transformation we see that any F ∈ M n k (M, χ) is periodic with respect to symmetric n × n integral matrices. Hence, F has a Fourier expansion of the form,
where q := exp(2π √ −1), tr(·) denotes the trace, and our summation is over all halfintegral positive semi-definite matrices. Furthermore, it can be shown that F |γ has a Fourier expansion of the above form for every γ ∈ Sp 2n (Z). We say that F is a cusp form if for every γ ∈ Sp 2n (Z), we have a F |γ (T ) = 0 whenever T is not positive definite.
We denote this subspace by S n k (M, χ). We also define Q(F ) to be the field obtained by adjoining all Fourier coefficients of F , which we will assume to be contained in Q throughout the remainder of the paper.
Hecke Operators
It is well known that M n k (M, χ) admits a commutative set of linear operators known as the Hecke operators. The space of all Hecke operators is generated by the elements
for 1 ≤ i ≤ n, and p ranges over all primes. Furthermore, these operators are selfadjoint with respect to the Petersson inner product, so we can find an orthogonal basis of M n k (M, χ) which consists of simultaneous eigenvectors for all of the Hecke operators. We refer to these basis elements as eigenforms. Note that the operator T n (p 2 ) is sometimes referred to as the "diamond" operator and denoted < p > n and we have defined our modular forms so that every form is an eigenvector for T n (p 2 ) with eigenvalue χ(p)
n . As a result of this, we will be primarily interested in the operators T (p) and
When M is the level of our form and |M , we have that our Hecke operator T ( ) simplifies to the operator U ( ), which we define by its action on Fourier expansions,
For our main result we will need the following two properties of the U ( ) operator.
Proof. Here we have adapted a proof of Andrianov [2] . Let F ∈ M n k (M, χ). From [4] we have that the operator U ( ) is given by,
where the summation runs over all symmetric matrices in M n (Z/ Z). Then, we have
Define the following subgroup of Γ 0 (M/ ),
Then, for γ ∈ Γ(M/ , ), it is not hard to show that
Note, a complete set of right coset representatives for
is given by 1 S 0 1 :
Let γ ∈ Γ 0 (M/ ), and let S ∈ M 2 (Z/ Z) be symmetric. Set S to be the unique symmetric matrix in M 2 (Z/ Z) which is congruent to (A + SC) −1 (B + SD) (mod ). Then, there exists γ S ∈ Γ(M/ , ) such that,
Note, such a γ S also satisfies χ(γ) = χ(γ S ). Thus,
This completes the proof.
Congruences
In this section we will introduce two different notions of congruence between Siegel modular forms.
Let F and G be eigenforms of the same degree (but not necessarily the same character, level, or weight). Let λ F (p), λ F (p 2 , i) for 1 ≤ i ≤ n − 1 denote the eigenvalues of F with respect to T (p), T i (p 2 ) respectively and similarly for G. Let Σ denote the set of primes which contains and all primes dividing the levels of F and G. Then, we say that F ≡ Σ G (mod ) if for all primes p / ∈ Σ we have
where ν is a prime lying over in the finite extension of Q obtained by adjoining all of the eigenvalues of F and G. This congruence we will refer to as the congruence of eigenvalues.
Our second notion of congruence we will refer to as the congruence of Fourier coefficients. Define the -adic valuation of F as
Note, it should be understood throughout that we extend the valuation ord to Q(F ) if necessary. If we let G be another form of the same degree as F , then we say that
For n = 1 our two notions of congruence agree since (up to normalization) the p th Fourier coefficient is precisely the eigenvalue of T (p). For n > 1 we have the following lemma, which says that the congruence of Fourier coefficients is stronger than the congruence of eigenvalues.
Lemma 4. Suppose that F and G are eigenforms.
Proof. Note, this proof follows exactly the same as the proof of Theorem A.1 in [18] . We only include it here to emphasize that we are interested in the case of arbitrary level, not just the level one case as in [18] . Define K to be the compositum of Q(F ) and Q(G)
Note, a result similar to Lemma A.6 in [18] holds in our setting, so we obtain
where ν is a prime lying above in K. Since a F (T ) ≡ a G (T ) (mod ν) and a F (T ) is an -unit, we have that λ F (t) ≡ λ G (t) (mod ν). This completes the proof.
The Trace Operator
In this section we introduce the trace operator from [5] in the degree 2 setting, as this is what will be of interest to us.
Let F ∈ M k (N , χ). We define the trace of F to be
where the summation is taken over a complete set of coset representatives. Note, when the levels are clear from context we will simply write Tr(F ). The following proposition gives us a necessary result on the level of Tr(F ). (2) If the conductor of χ divides N we have
For our main result we will need an explicit set of representatives for Γ 2 1 (N )\Γ 2 0 (N ). We recall the following construction given in the proof of Theorem 4.6 in [5] .
Let
be the Siegel parabolic and define
for 0 ≤ j ≤ 2. Using these matrices we have the Bruhat decomposition
Furthermore, we have the Levi decomposition P = M N , where the Levi factor is given by
and the unipotent radical is given by
Combining these we have that a complete set of representatives of P \P ω j P is given by ω j n(B j )m(A) :
where Mat j is embedded into Mat 2 by B j → 0 0 0 B j , and
Note, P 2,j (F ) = GL 2 (F ) when j = 1. We can lift these representatives to representatives of Γ To complete this section, we give a more explicit expression for the last term in the trace, which we will need later. Note, since F is a cusp form, we have that F |ω 2 is also a cusp form. In particular, we know that the Fourier expansion is of the following form,
From [6] we have that
Using this we obtain
We will need the following lemma, which is from [6] , in the next section. We prove it here for completeness.
be an eigenform with associated character χ defined modulo N , such that F has Fourier coefficients in some finite extension of Q. Then, for some integer k there exists
, where ν is a prime lying above .
Proof. Note, as we are only proving this for degree 2 Siegel modular forms, we will drop the 2 from the superscript for the remainder of this proof.
By Lemma 2 we have that the Hecke operator U ( ) is an injective map from S k (N ) into itself. Thus, we can find a g ∈ S k (N ) such that g|U ( ) = F . Using this g, define the following form
L is the theta series associated to an -special lattice L of rank 2 − 2 and determinant 2 , see [7] . Then, K −1 satisfies
Furthermore, K −1 has integral Fourier coefficients. Applying our formula for the trace we may write
for an arbitrary constant m. Our goal is to show that
To this end we will examine each piece of the summation separately. Note, throughout we will use the fact that ord (G|ω i ) > −∞ for i = 0, 1, 2, which follows from Lemma 2.1 in [22] . First,
which becomes arbitrarily large as m grows. Second,
which also becomes arbitrarily large as m grows. Third, to examine the last term of the summation we rewrite K m −1 = 1 + m+1 X, where X is a Fourier series with integral Fourier coefficients. Then,
Note, ord (X) ≥ 0. Combining we have,
Which goes to infinity as m does. Thus, for large enough m we have that Tr(GK
, where ν is a prime lying over in Q(F ).
Level Stripping
In this section we will prove the following theorem.
Proof. Note that throughout we are working with degree 2 Siegel modular forms, so we will drop the superscript. Furthermore, throughout the proof we will not be explicit about the weights of the intermediate forms, but we will make a note about the final weight k at the the end. Finally, we will take extensions of Q as needed and let ν always denote a prime lying above .
As χ is a character modulo N we obtain a factorization χ = ω i κ, where ω is the unique character of conductor and order − 1 and κ is a character modulo N .
Let E ∈ M k1 ( , ω −i ) be a form from the sequence in (Theorem 1.2, [16] ) such that E ≡ f c 1 (mod ), where our congruence is in the number field containing the Fourier coefficients of E. Consider the product of Siegel modular forms F E.
We first want to show that this product transforms under the action of Γ 0 (
Thus, the product is a form of the desired level, character κ, and weight k + k 1 . Furthermore, as E ≡ f c 1 (mod ) we have that
where this congruence in the number field which contains the Fourier coefficients of both F and E. Thus, F E is an eigenform modulo ν, and Lemma 4 gives us
Let O ν be the extension of Z which has ν as its maximal ideal. As S k+k1 (Γ 0 ( r ) ∩ Γ 1 (N )) is a finite, free O ν module, we can apply the Deligne-Serre lifting lemma (Lemme 6.11, [10] ) to obtain an eigenform F 1 ∈ S k+k1 (Γ 0 ( r ) ∩ Γ 1 (N )) and with character κ such that
where we may need to take a further field extension to obtain this congruence. Now, consider the form F 1 |U ( ). By Lemma 3 we have that
Using the commutativity of Hecke operators we see that
in fact we have equality of eigenvalues away from N . Thus, by applying the U ( ) operator r − 1 times to F 1 we have an eigenform F 2 ∈ S k+k1 (Γ 0 ( ) ∩ Γ 1 (N )) with character κ such that
Applying Lemma 6 to F 2 we obtain a form G ∈ S k (N, χ) satisfying G ≡ f c F (mod ).
Just as before, we use Lemma 4 and the Deligne-Serre lifting lemma a second time to obtain an eigenform G 1 ∈ S k (N, χ) such that
Finally, with regards to weight k , we simply note that
where ω i was the character obtained from the factorization of χ.
Future Work
In this section we mention some open problems related to generalizing our result.
(1) Let F be the eigenform from Theorem 7 with corresponding character of conductor N r for r ≥ 1. Is there a way to construct an eigenform with corresponding character of conductor N whose eigenvalues are congruent to those of F away from the level?
In the proof of Theorem 1, Ribet is able to twist the form so that the conductor of the character is lowered. However, this is for elliptic modular forms, and the generalization of this twisting to the degree 2 setting is not obvious. If one could answer this question affirmatively then we could relax our restriction on the character of F .
(2) Can we find an Eisenstein series of arbitrary degree analogous to the one used in the proof of Theorem 7, i.e., can we find an Eisenstein series, E, of degree n, level , and character ω −i (as in the proof) such that E ≡ f c 1 (mod )? Note, this is closely related to Problem 4.1 from [16] . If one could answer this question affirmatively then we could generalize our result to arbitrary degree.
